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In contrast to conventional assumptions, we show that the Dzyaloshinskii-Moriya interaction can
be of non-relativistic origin. In materials with a non-collinear magnetic configuration, the non-
relativistic contributions can dominate over the contribution due to spin-orbit coupling. The weak
antiferromagnetic phase of the co-planar state of Mn3Sn is found to be due to a combinaton of this
non-relativistic and the relativistic contribution to the Dzyaloshinskii-Moriya interaction. Using
electronic structure theory as a conceptual platform, all relevant exchange interactions are derived
for a general, non-collinear magnetic state. It is demonstrated that non-collinearity influences all
three types of exchange interaction and that physically distinct mechanisms, which connect to
electron- and spin-density and currents, may be used as a general way to analyze and understand
magnetic interactions of the solid state.
INTRODUCTION
The search for spintronic devices, where the electron
spin is in focus - in contrast to the field of electronics that
rely on the electron charge, has recently turned focus on
antiferromagnets [1, 2]. There are many advantages with
antiferromagnetic spintronic. Besides the nearly disipa-
tionless transport without heat production, the spin dy-
namics of an antiferromagnet is significantly faster than
that of a ferromagnet, and simultaneously there are less
problems with magnetic stray fields. Among the class
of promising antiferromagnets, triangular Mn3X com-
pounds (with X either Ge or Sn) stand out. They are
formed in a geometrically frustrated structure where the
Mn sites form a layered Kagome´ lattice that is slightly
distorted around the X atoms. This results in a chiral
magnetic order, where equilateral triangles of Mn atoms
have moments rotated 240◦ between them, as displayed
in Fig. 1(a) [3–5]. Previous investigations of this class
of materials is driven by the observation of an unusually
large anomalous Hall effect (AHE) as well as a large spin
Hall effect (SHE) [6–9]. The former was until recently
assumed only to exist in ferromagnets. These transport
properties have been shown to be related to that the
electronic structure has topological character close to the
Fermi level with Weyl points and large Berry curvature
[10, 11].
Curiously, Mn3X posses a very small ferromagnetic
moment of the order of a thousandth of a Bohr magne-
ton (mµB)[4]. This experimentally observed weak ferro-
magnetism (wFM) has been confirmed by non-collinear
electronic structure calculations [12]. However, as was
observed early on, in contrast to traditional wFM, such
as in α-Fe2O3, the high symmetry of the crystal struc-
ture makes the standard symmetry arguments inappli-
cable. While the so-called Dzyaloshinskii-Moriya (DM)
pair interactions [13, 14], are allowed by the D6h crystal-
lographic point group symmetry, the triangular arrange-
ment of the Mn sites ensures that there is no net torque
on the Mn moments to deviate from a perfect Ne´el state,
which would be necessary for an instability towards a
configuration with a wFM component [3, 5, 12, 15].
Effective spin Hamiltonians represent a common ap-
proach to understand the energies of different magnetic
configurations of materials, and may be viewed as a map-
ping, from high energy electronic states to low energy
spin-excitations. Since the pioneering works of Heisen-
berg, Dzyaloshinskii and Moriya, it has become stan-
dard practice to interpret magnetic phenomena by means
of the Heisenberg Hamiltonian, augmented, when rel-
ativistic spin-orbit coupling (SOC) is important, with
the Dzyaloshinskii-Moriya (DM) interaction and/or the
anisotropic, symmetric exchange. The DM interaction
has in its conventional form the property that it provides
an energetic mechanism for the chirality of the magnetic
state.
Hence, one of the more general considerations of a spin
Hamiltonian is
H = −
∑
ij
(
Jijmˆi·mˆj + ~Dij ·(mˆi×mˆj) + mˆi·Aij ·mˆj
)
,
(1)
where mˆi represent the unit vector of the magnetic mo-
ment at site i. The first term on the right hand side is the
Heisenberg interaction, the second term is the DM inter-
action, while the last term is the anisotropic symmetric
exchange interaction. Taken together they include all
allowed bilinear spin-interactions. There are several dif-
ferent ways one may calculate the parameters of Eq. (1).
Among the most popular methods is the approach to di-
rectly calculate them for a reference system, in a pertur-
bational way. Alternatively, one may fit these parameters
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2to calculated variations in energies of different magnetic
configurations. For systems with non-trivial, long range
interaction (typically for metallic magnets) the exchange
parameters are sensitive to the magnetic order. There-
fore a fit to energies obtained for different magnetic con-
figurations makes little sense. A preferable approach is
then to calculate the parameters for a reference mag-
netic state, ideally the ground state. The most popular
method of this type is the well established Liechtenstein-
Katsnelson-Antropov-Gubanov approach [16], that al-
lows to calculate the Heisenberg interactions, Jij . The pi-
oneering work of Ref. [16] is valid in the limit of collinear
reference states, and we note that there have been sug-
gestions how to generalize this method for non-collinear
magnetic reference states [17, 18]. The DM interaction
and the anisotropic exchange, i.e. the second and third
term of the right hand side of Eq. (1), are traditionally
explained to be caused by the relativistic, spin-orbit in-
teraction [17, 19, 20]. Importantly, these two interactions
are responsible for exotic magnetic phenomena, such as
chiral magnetism and bond-directed, Kitaev exchange.
THE MAGNETIC STATE OF Mn3Sn
Mn3Sn belongs to the magnetic space group #51.294,
[21], which corresponds to the two dimensional irre-
ducible representation E1g (Γ
+
5 ) of the crystallographic
point group D6h of the space group #194. As is clear
from Fig. 1(a), the Mn atoms are located on a Kagome´
lattice, where the basic building block can be viewed as
an ordering of equilateral triangles. The magnetic or-
der of this material can be described as having local Mn
moments within one triangle specified as follows, with θ
angle defined in Fig. 1(b):
mˆ1(θ) = (0, 1, 0)
mˆ2(θ) = (− sin θ, cos θ, 0)
mˆ3(θ) = (sin θ, cos θ, 0) . (2)
It is well established that the ground state of Mn3Sn
corresponds to a state where the angle θ in Eq. (2) is
close to 240◦ [3]. The results of accurate all-electron,
full-potential augmented plane wave plus local orbitals
calculation [22] of the energy variation within this non-
collinear magnetic order is presented in Fig. 1(a). Before
describing these results in more detail, we note that in
terms of energy difference among the possible magnetic
orders, the results from the electronic structure calcu-
lations are in good correspondence with earlier calcu-
lations [12, 15]. From Fig. 1(c) it is clear that there
is one minimum of the energy around 120◦ and a sec-
ond minimum at 240◦. In the figure we also show the
energy obtained from a fit of a spin model appropriate
for the E1g symmetry, with two effective Heisenberg ex-
change parameters. Here the interactions are summed
over the neighboring shell of atoms of given type; i.e.
J12 =
∑
j∈2 J1j and J23 =
∑
j∈3 J2j . The fitted curve in
Fig. 1(c) was obtained using all the DFT calculated data
points. Note that the fitted curve also leads to energy
minima at 120◦ and 240◦, but with a much smoother en-
ergy variation, that does not capture the characteristic
features of the energy variation obtained from the DFT
calculations. The difference between the fitted curve and
the DFT calculations becomes pronounced, most notably
the cusps at 60◦ and 300◦ and the large energy barrier
at 180◦.
A closer scrutiny of Fig. 1(c) reveals that the DFT cal-
culations result in a minimum around 240◦ which is lower
by 4 meV/u.c. compared to the minimum at 120◦. In
addition, the DFT calculations show that the absolute
minimum is shifted to angles that are slightly smaller
than 240◦. This results in a weak ferromagnetic compo-
nent along the yˆ-direction, with a value −0.002 µB/u.c.,
which agrees qualitatively with experimental data. We
note that the observed wFM state cannot be explained
by interactions that are connected to the fitted curve in
Fig. 1(c), as the triangular symmetry of the Mn sites
lead to DM interactions that perfectly balance out, so
that a finite ferromagnetic moment of each unit cell is
prohibited.
When discussing co-planar magnetic structures it is
convenient to introduce a vector chirality of the magnetic
order, which for the present order of Eq. (2) is defined
through the expression
~χ(θ) = ~χ12(θ) + ~χ23(θ) + ~χ31(θ) = χ(θ) zˆ , (3)
where ~χij(θ) = ~mi × ~mj . In this study where we focus
on what effects are due to SOC and which are not (non-
relativistic) we will utilize the extra symmetries that ex-
ist in the non-relativistic case since the spin space is
decoupled from the real space. Then it is possible to
identify that without SOC there is always a symmetry
corresponding to a uniform spin rotation of 180◦ degrees
around an axis in the plane of a co-planar magnetic order
which swaps the chirality of the magnetic order. In our
case with the choice of y-axis this symmetry leads to a
degeneracy in energy between magnetic orders with θ and
(360◦ − θ), i.e. between positive and negative vector chi-
rality. It has been established that a non-vanishing vec-
tor chirality, ~χij , is connected with a spontaneous spin-
current between sites i and j [23]. To illustrate this, we
show in Fig. 1(d) the z-polarized spin current of Mn3Sn,
in the case of θ = 240◦. The spin current was calculated
through
qz(r) =
1
VBZ
∫
BZ
= {ψ∗k(r)σz∇ψk(r)} dk . (4)
In Fig. 1(d) it is clear that the spin-currents are partic-
ularly visible around the hexagonal shaped vortex struc-
tures. These structures are located around Mn triangles
3that are inverted every second layer, see Fig. 1(a). The
largest spin currents are actually in between the layers
forming compensated helices, all going around the vor-
tex structure in a clockwise motion.
MAPPING ELECTRONIC ENERGIES ON THE
SPIN HAMILTONIAN
In this section, we consider the magnetic interactions,
as described in Eq. (1). We do this by a generalized form
of the method by Liechtenstein et al. [16] (referred here
to as LKAG form) so as to handle non-collinear mag-
netism. Starting from a non-collinear magnetic reference
state {mˆi}, we study the variation in energy when the
directions of the local moments of the crystal rotate as
~m′i → ~mi + δ ~mi, where i denotes a magnetic site. It
should be noted that, since we are interested in a non-
collinear arrangement of magnetic moments, as was done
in, e.g., Ref. [24], it is sufficient to consider linear, sin-
gle site variations of the magnetic moment. This is in
contrast to the situation of collinear magnetism, where
two site rotations are necessary [16]. We expand on this
fact in Appendix A. The variation in energy correspond-
ing to a single site rotation of the magnetic moment is
given through partial integration of the integrated band
energies (via the magnetic force theorem), i.e.,
δE =
∫
ε δD dε = −
∫
δN dε . (5)
The change in integrated density of states is given by
Lloyd’s formula
δN = − 1
pi
=Tr ln (1 + δtG) = 1
pi
=Tr
∑
n
(−δtG)n
n
,
(6)
where the change in scattering potential is due to the
variation of the magnetic moment direction;
δt =
∑
i
∆iδ ~mi · ~σ . (7)
In Eqs. (6) and (7), ∆i is the spin dependent part of the
potential (exchange splitting) of site i, G is the intersite
Green function (GF) and the trace, Tr, is over both the
spin and orbital degrees of freedom. In a non-collinear
state it is sufficient to study the linear term of Eq. (6), in
contrast to the collinear limit where this contribution of-
ten vanishes, since then the variation of the local moment
is orthogonal to all local moments. From this considera-
tion we obtain
δN ≈ − 1
pi
=Tr δtG = − 2
pi
=
∑
i
δ ~mi · tr ∆i ~G0ii , (8)
where the last trace, tr, on the right hand side is only
over the orbital sub-space. In the last step we have de-
composed the GF into four parts [25];
Gij =
(
G00ij +G
01
ij
)
~1 +
(
~G0ij + ~G
1
ij
)
· ~σ , (9)
where ~1 is the unit matrix while ~σ are the Pauli matrices.
In Eq. (9), G0τ corresponds to the spin-independent
contributions to the GF, while ~Gτ are the spin-dependent
parts. The superscript τ refers to whether the GF is
even, 0, or odd, 1 under site exchange, which is readily
introduced for a real basis. This is described in Appendix
A together with a generalization to complex bases. There
it is also demonstrated that one may relate the different
components of the GF to physical properties, i.e. charge
and spin densities, n and ~m, as well as charge and spin
currents, j and ~q.
Since the local GF can be evaluated within multiple-
scattering theory, one can derive an explicit expression
for it due to electron scattering of spin-potentials at any
pair of sites, i and j. As shown in Appendix A this leads
to the following distinctly different contributions to the
local, even part of the magnetic component of the GF:
~G0ii =−
∑
j
[
G00ij ~∆j G
00
ji −G01ji ~∆j G01ji
+ ~G0ij∆j · ~G0jimˆj − ~G1ij∆j · ~G1jimˆj
+ 2i
(
G00ij ~∆j × ~G1ji −G01ij ~∆j × ~G0ji
)
+ ~G1ij
(
~∆j · ~G1ji
)
+
(
~G1ij · ~∆j
)
~G1ji
− ~G0ij
(
~∆j · ~G0ji
)
−
(
~G0ij · ~∆j
)
~G0ji
]
. (10)
This expression together with Eqs. (5)–(8), result in an
explicit formula for the energy change due to rotating the
moment at any lattice site. The terms that enter with
linear order can with the aid of Eq. (A.13) of Appendix
A, be viewed as three different bilinear interactions, as
shown in Eq. (1), where the first terms is the isotropic
Heisenberg interaction
Jij =
1
pi
=
∫
tr
(
∆iG
00
ij ∆jG
00
ji −∆iG01ij ∆jG01ji
+ ∆i ~G
0
ij∆j · ~G0ji −∆i ~G1ij∆j · ~G1ji
)
dε. (11)
We note that in a non-collinear, coplanar magnetic
configuration, all terms of linear order do not vanish,
i.e. δ ~mi · mˆj is finite whenever δ ~mi is within the xy-
plane of coplanar magnetic moments. According to the
discussion above, we notice that four distinctly differ-
ent contributions can be identified in the Heisenberg ex-
change interaction, which are related to a charge density
(CD) contribution, a charge current (CC) contribution,
a spin density (SD) component and a spin current (SC)
term, respectively. Two of these contributions are unique
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FIG. 1. (a) The magnetic structure in case of negative vector chirality with θ = 240◦, illustrated for four unit cells of Mn3X.
There are two layers, with both Mn (blue) and Sn (red) atoms. In the lower layer, at z = 1
4
, atoms are shown as smaller and
darker spheres, while upper layer, at z = 3
4
, have atoms shown as larger and lighter spheres. The lines highlight the unit cells,
with six Mn atoms per cell, numbered from 1 to 6. Due to inversion symmetry the magnetic moments of atoms 4, 5 and 6
are parallel to the moments of 1, 2 and 3, respectively. (b) Definition of the free angle, θ, that can be varied in the magnetic
structure of (a) illustrated for one Mn triangle. (c) The calculated total energy variation (blue points) within the E1g magnetic
order and fits to Heisenberg interactions. In the inset the small difference when either the Dzyaloshinskii-Moriya is included in
the fit (red curve) or not (green curve). (d) The spontaneous spin current polarized along z for the magnetic structure depicted
in (a). The shown spin currents were calculated considering the magnetic configuration when θ = 240◦.
for non-collinear systems, due to the fact there might be
spontaneous spin and charge currents, when ~G1 and G01
are non-vanishing (we remind the reader that a full ac-
count of the connection between different components of
the Greens function and spin- and charge densities and
currents is discussed in Appendix A). In this appendix
it is shown that the relation in Eq. (11) reduces to the
well known LKAG form of the Heisenberg interaction, in
the non-relativistic collinear limit [16]. This is rewarding
since the basic consideration made in the derivation of
Eq. (11) was made from single site rotation out of a gen-
eral non-collinear state, as opposed to the collinear limit
used in Ref. 16.
Similar to the expression for Heisenberg exchange, one
may obtain an explicit formula for the DM interaction:
~Dij =
2
pi
<
∫
tr
(
∆iG
00
ij ∆j
~G1ji −∆iG01ij ∆j ~G0ji
)
dε .
(12)
The DM interaction has two contributions; one arises
from spin current ~G1 and the other from charge current
G01 (for details, see Appendix A). Since it is linear in
current contributions, the anti-symmetric property falls
out directly i.e. that ~Dij = − ~Dji. The fact that DM
is directly related to the SC induced by SOC have been
observed by other means [26–28], but from this pair in-
teraction formulation it is clear that there is also CC
contribution and most noteworthy both these contribu-
tions can be non-zero, even when spin-orbit interaction
is neglected, provided that a non-collinear arrangement
of magnetic moments is considered. As we shall see, the
non-relativistic contributions can in some cases dominate
over terms that are associated with the relativistic spin-
orbit coupling.
5ON NON-RELATIVISTIC CONTRIBUTIONS TO
THE DZYALOSHINSKII-MORIYA
INTERACTION
In order to analyze both the Heisenberg and DM inter-
actions of Mn3Sn, we show in Fig. 2 these interactions for
a large range of pairs in the crystal, for the case when the
magnetic configuration is described by θ = 240◦. These
calculations were made with a real-space linear muffin-
tin orbital (LMTO) method within the atomic sphere
approximation [29–31] (see Appendix A for details). It
is clear from Fig. 2 that, although the exchange and DM
interactions are long-ranged and oscillating, as is typical
for metallic systems, they are dominated by the near-
est neighbor terms. The nearest neighbour exchange in-
teractions are all negative, and lead to frustrated anti-
ferromagnetism. In the same figure we also plot the z-
component of the DM interaction. From Fig. 2 it is clear
that the out of plane nearest neighbor interaction dom-
inates the DM interaction, and, surprisingly, is of same
magnitude as the Heisenberg interaction. In the right
hand side of Fig. 2 we compare the strength of the two in-
teractions, via the ratio |Dz/J |ij . One may observe that
for some atomic pairs, in particular for longer ranged in-
teractions, the strength of the DM term is actually larger
than the Heisenberg contribution.
The configuration dependence of the DM interactions
of Mn3Sn is displayed in Fig. 3. The figure illustrates the
θ-dependence of two effective DM interactions; Dz12 =∑
j∈2D
z
1j and D
z
23 =
∑
j∈3D
z
2j . Note that the variation
of the angle θ is within the E1g sub-space, with the excep-
tion of θ = 120◦ which has higher symmetry. The figure
shows results of two different calculations, one with and
one without spin-orbit interaction, which are essentially
indistinguishable. There are several important facts to
observe in this figure, where the very large value of the
effective DM interaction, even in absence of spin-orbit
interaction, stands out. Calculations of the electronic
structure in a non-collinear configuration can, according
to Fig. 3, have surprisingly large values of the DM vec-
tor, even when spin-orbit interaction is omitted. In fact,
for Mn3Sn we can see that the relativistic contribution
to the DM vector is in general minor. A deeper analy-
sis of the configuration dependence of the DM interac-
tion shows that it is the first term of Eq. (12), which
is connected to spin-currents, that dominates. This is
due to the fact that co-planar magnetic structure in the
present study allow for spontaneous non-relativistic SC
but not CC. Again this is due to a spin rotation sym-
metry, this time around an axis normal to the magnetic
plane, together with the action of time reversal. The for-
mer action reverses all magnetic moment while the latter
restores them. This combined symmetry disallows non-
relativistic CC as well as the spin components of a SC
in the magnetic plane. However the perpendicular spin
component of a non-relativistic SC is always allowed in
a co-planar magnet. The idea that the DM originates
from spin currents has been proposed in Refs. 27 and
28, however, in both cases it was discussed in or close
to the collinear limit, where the effect is of a pure rela-
tivistic origin. Spin currents induced from non-collinear
spin-structures were only mentioned in passing [28] and
were not explicitly considered. Lastly, it is noteworthy to
mention that recently a new class of multi-spin interac-
tions based on scalar and vector chiralities [33] has been
proposed to emerge in non-collinear systems.
The non-relativistic contributions to the interactions,
due to the symmetry discussed above, have the prop-
erty that when the vector chirality is reversed, i.e. going
from θ to 360◦ − θ, the sign of the DM interaction is
changed, as is clear from Fig. 1 and which is illustrated
by the calculations without SOC in Fig. 3. This is due to
the fact that the non-relativistic DM is directly related
to the non-relativistic spin current, which alter sign due
to this non-relativistic spin symmetry. This has signifi-
cant influence on the macroscopic magnetic properties of
Mn3Sn, as the configurations with 120
◦ and 240◦ is de-
generate in the non-relativistic limit, both representing
a ground state Ne´el configuration with vanishing macro-
scopic moment. Although the non-relativistic DM in-
teraction has an identical form as the relativistic one,
~D · mˆi × mˆj , i.e. is explicitly proportional to the vector
chirality χij = mˆi× mˆj , it is more restricted due to sym-
metry constraints. However, when symmetry is allowed
it most often dominates the relativistic counterpart. For
instance it does not give rise to a chiral state, a mag-
netic order with preferred handedness, in this case that
the global vector chirality of Eq. (3) has a preferred sign.
Instead the degeneracy discussed above is broken by spin-
orbit coupling, as shown in the bottom panels of Fig. 3.
In the bottom panels it may also be observed that for the
configuration with θ = 240◦, the effective pair interac-
tions do not perfectly balance out, i.e. Dz12 6= Dz23. This
leads to a ground state configuration that deviates from
an ideal Ne´el state, with an angle 239.99◦. This corre-
sponds to a very small wFM moment of −0.002µB/f.u.
along the y-direction, in good agreement with experi-
ments [3]. Here it is important to realize that, except for
angle 120◦, the crystallographic point group correspond-
ing to the magnetic space group is orthorhombic, D2h,
rather than hexagonal, D6h. When it is accepted that
the DM interactions are configuration dependent there is
no longer a symmetry equivalence between D12 and D23
for 240◦ in the relativistic case, while for 120◦, where the
hexagonal symmetry gives an equivalence, the splitting is
indeed zero. We further observe that the splitting of Dz12
and Dz23 is zero at both angles in calculations without
spin-orbit coupling, since we then have hexagonal sym-
metry in both cases.
Our findings are in contrast to what has earlier been
stated [4, 12]; that the DM interaction is irrelevant for
the wFM of Mn3X . The mechanism behind our results
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FIG. 2. The Heisenberg interaction (left figure), the Dzyaloshinskii-Moriya interaction (middle figure), as well as the ratio
between these two interactions (right figure), of Mn3Sn. The interactions are plotted as a function of distance for a magnetic
configuration with θ = 240◦. The origin represents the position of the reference atom, i, and the interactions are taken between
i and its neighbors, j with rij = (xij , yij , zij). The value of zij , as indicated by the symbol shape, denotes in which atomic
plane atom j is situated, i.e. zij = 0.0c has atom j in the same plane as atom i. Atom j in the the first atomic plane in the z
direction corresponds to zij = 0.5c, while zij = 1.0c means that j is in the second atomic plane in this direction. Interactions are
shown as function of distance along x-axis (xij) and y-axis (yij). The strength of the interactions are given by the color of the
symbols. The two leftmost figures share the same color scale (in meV) where green is a strong positive interaction and purple
strong negative interaction. The rightmost figure shows the ratio of the two interactions and has a logarithmic colorscale where
green means the magnitude of the Dzyaloshinskii-Moriya interaction is larger than the corresponding Heisenberg interaction.
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FIG. 3. Calculated results of the effective DM interactions
Dz12 and D
z
23 for Mn3Sn, as a function of angle θ (for details
see text). Calculations are made with (solid lines) and with-
out (dashed lines) spin-orbit coupling. The bottom panels
show detailed information around θ = 120◦ and θ = 240◦.
also differ from the traditional mechanism in numerous
other materials, such as α − Fe2O3, where the the DM
interaction has successfully been invoked [13, 14] to ex-
plain the weak ferromagnetic moment observed experi-
mentally. Let us identify what differ between our finding
and the reasoning why DM interaction cannot be respon-
sible.
(i) The DM parameter ~Dij is not independent of mag-
netic configuration, as is usually assumed. Instead
it is found to vary between different magnetically
ordered states.
(ii) The DM interaction does not have to fulfill the sym-
metries of the paramagnetic state, but only those of
the magnetic state. For instance for the case of the
240◦ state there exist no three-fold rotations, since
the symmetry group in fact has an orthorhombic
magnetic space group, which means there is no re-
lation between the two independent DM parame-
ters.
(iii) Hence, there is a splitting in value at 240◦ between
the two independent DM interactions, labelled Dz12
and Dz23, as they are not forced by symmetry to
be equivalent and therefore will not balance each
other.
(iv) The balance between the DM parameters occur at
a new angle that deviates from 240◦. For such an
angle the anti-ferromagnetic moments do not cancel
which results in a weak ferromagnetic moment.
(v) The splitting of the two DM parameters have to be
of relativistic origin due to the the non-relativistic
spin rotation symmetry makes the non-relativistic
7part of DM to posses the three-fold rotational sym-
metry of the 120◦ case.
(vi) However, as observed in the upper rightmost panel
of Fig. 3, the splitting ∆D(θ) is well described as
being linear in angle, when deviating from θ0 =
240◦, i.e.
∆D(θ) = ∆D(θ0) + (θ − θ0)K , (13)
with slpoe K. The new equilibrium angle θ for
which ∆D(θ) = 0 is given by
θ = θ0 − ∆D(θ0)
K
. (14)
This resulting angle and corresponding wFM mo-
ment is in good accordance with experimental val-
ues.
(vii) It is mainly the non-relativistic contribution that
contribute to the slope K. When only relativistic
part of DM is considered the resulting wFM mo-
ment would be orders of magnitude larger.
CONCLUSIONS
In this report, we demonstrated that magnetic inter-
actions can in general be mediated in four different ways,
that are related to the charge density, spin density, charge
current and spin current, respectively, and that they do
depend strongly on the magnetic configuration. This
is demonstrated using Mn3Sn as an example, where we
present in the main part of this communication a de-
tailed analysis of the Dzyaloshinskii-Moriya interaction.
A full account of all three types of exchange interactions
defined in Eq. (1) is presented in Appendix B, where in
particular the configuration dependence of the Heisen-
berg exchange is analyzed in detail. The spin-current
contribution to the Dzyaloshinskii-Moriya interaction is
shown here to be significant, and it is particularly rele-
vant for the co-planar magnetic material Mn3Sn. Spin-
currents induced by non-collinear states are related to
the large spin- and anomalous Hall effects observed for
Mn3Sn [6–9]. Our analysis points to that the very small
ferromagnetic component of the magnetism of Mn3Sn is
due to a combined effect of the relativistic and the non-
relativistic DM interactions.
Most significantly, the Dzyaloshinskii-Moriya interac-
tion is demonstrated here to be very large for Mn3Sn;
for some pair interactions its magnitude is compara-
ble to the Heisenberg exchange. The analysis presented
here, which has general applicability, demonstrates that
the Dzyaloshinskii-Moriya interaction (as well as the
anisotropic, symmetric exchange) can be significant even
if spin-orbit interaction is omitted. In fact, for Mn3Sn
non-relativistic effects dominate. However it does not,
due to symmetry constrains, contribute to the preferred
chiral handedness of the ground state, which is deter-
mined solely by the relativistic contribution for any co-
planar magnetic structure.
The microscopic reason behind the non-relativistic
contribution to the DM interaction is analyzed here to
be caused by the contribution from spin-currents, that
are set in motion either by spin-orbit coupling or by non-
collinear magnetic configurations. The reason why these
two, seemingly different, microscopic mechanisms both
result in spin-currents can be traced back to the elec-
tronic Hamiltonian. In Ref. [32], a mathematical similar-
ity was established between the spin-orbit interaction and
the exchange-correlation potential of non-collinear mag-
nets. If the non-collinear contribution to the exchange
and correlation potential is larger than the strength of
the spin-orbit coupling, as is the case for Mn3Sn, the for-
mer contribution dominates. As discussed in Appendix
B, this realization suggest that in materials with non-
collinear magnetism, all effects normally associated with
spin-orbit coupling, should, due to induced spin-currents,
have a counterpart in the non-collinear exchange and cor-
relation potential.
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APPENDIX A: CALCULATION DETAILS
Computational details
Full potential electronic structure calculations were
performed using the ELK package (elk.sourceforge.net).
This represents a set of accurate, non-collinear, full-
potential augmented plane wave plus local orbitals calcu-
lations [22]. In these calculations we used RMnGmax = 9
and a k-point mesh of 24 × 24 × 20. Furthermore, the
Perdew-Wang local density functional [34] for exchange
and correlation was used. The experimental crystal
structure of Mn3Sn was considered in the calculations.
Where applicable, spin-orbit coupling was treated at the
variational step.
The real-space electronic structure calculations [29–31]
were performed within the local spin density approxima-
tion for the exchange correlation energy of density func-
8tional theory. When applicable, the spin-orbit coupling
was included at each variational step. The real-space cal-
culations employed linear muffin-tin orbitals (LMTO) as
basis functions [35]. Furthermore, the atomic sphere ap-
proximation was adopted, and the computational method
is here referred to as the RS-LMTO-ASA method. These
self-consistent, non-collinear calculations employed Hay-
docks recursion method [36]. The Mn3Sn crystal was
simulated by a cluster containing 17.000 atoms located
in a lattice where the Mn sites form a layered Kagome´
lattice that is slightly distorted around the Sn atoms
(see Fig. 1(a). The continued fraction that occurs in
the recursion method was terminated with the Beer-
Pettifor [37] terminator after 30 recursion levels. The
values of Jij , Dij and Aij of Eq. (1) were obtained from a
self-consistent non-collinear calculations performed with
and without spin-orbit coupling, for magnetic structures
with triangles of Mn atoms having the moments rotated
from θ = 0◦ until 360◦, with the θ angle defined in
Fig. 1(b), and varying every 10◦.
On notations and formalism
The multiple scattering condition for the local Green’s
function (GF) can be formulated as(
G−1 −G−10
)
ij
=
(
Tj + t
soc
j
)
δij , (A.1)
where G0;ij is the free GF, which is spin-independent,
and Tj = tj + mˆj∆j · σ, where tj stands for the local
spin-independent scattering potential. All quantities are
matrices in a combined spin and orbital basis. We now
express the GF in terms of spin-polarized scattering the-
ory, for a non-collinear ordered reference state and in-
cluding the spin-orbit coupling (SOC). Therefore, we in-
troduce the GF for the time reversed reference state, G˜ij ,
i.e. for the case with all moments reversed, together with
the directions of charge current. We obtain;(
G˜−1 −G−10
)
ij
=
(
T˜j + t
soc
j
)
δij . (A.2)
BothG0 and t
soc
i are even under time reversal (TR), while
T˜ is the time reversed scattering potential. Now the dif-
ference of Eqs. (A.1) and (A.2) gives(
G−1 − G˜−1
)
ij
=
(
Tj − T˜j
)
δij = 2 mˆj∆j · σ δij ,
(A.3)
since T˜j = tj − mˆj∆j · σ. By letting G˜ and G act on
Eq. (A.3) from either side, we get for the local GF
Gii − G˜ii = −
∑
j
mˆj
(
Gij ∆j · σ G˜ji + G˜ij ∆j · σGji
)
.
(A.4)
It is useful to decompose the corresponding 2 × 2 real
space Green’s function, G(r, r′;ω), into four independent
contributions
G(r, r′;ω) =
∑
ν∈{0,x,y,z}
1∑
µ=0
σν G
νµ(r, r′;ω) , (A.5)
where σ0 is the identity matrix, while ~σ = {σx, σy, σz}
are the Pauli matrices. In this expression, ν = 0 cor-
responds to the non-magnetic component of the Green’s
function, while ν = x, y or z represents spin-polarized
components, that we for brevity write in vector form;
~G = {Gx, Gy, Gω}. The second index, µ, of the Green’s
function in Eq. (A.5), indicates whether the function is
even (0) or odd (1) under the exchange of spatial coordi-
nates (r↔ r′) and we write
Gνµ(r′, r;ω) = (−1)µGνµ(r, r′;ω) . (A.6)
Hence, we denote in general the spin-dependent GF
as vectors ~Gµ = {Gxµ, Gyµ, Gzµ}. The four different
Green’s function discussed above all have a direct physi-
cal property as in the local limit they give rise to charge
and spin density and charge and spin currents, respec-
tively, through
n(r) =− 1
pi
=
∫
G00(r, r;ω) dω (A.7)
~m(r) =− 1
pi
=
∫
~G0(r, r;ω) dω (A.8)
j(r) =− 1
pi
<
∫
∇G01(r, r;ω) dω (A.9)
~q(r) =− 1
pi
<
∫
∇~G1(r, r;ω) dω . (A.10)
As a side note, we observe that this formulation for the
spontaneous currents in magnetic system directly ensures
that they are source free.
With the discussion above in mind, it becomes relevant
to decompose the GF matrix of the multiple scattering
problem into four parts (assuming a real orbital basis);
G =
(
G00 +G01
)
~1 +
(
~G1 + ~G0
)
· ~σ . (A.11)
This decomposition will be performed in detail below
where the case of complex bases is also discussed. It is
easy to deduce that two of the components of the Green’s
function in Eq. (A.11) are odd under time reversal, G01
and ~G0, while the other two are even. This implies that
for the time-reversed state we have
G˜ =
(
G00 −G01)~1 + (~G1 − ~G0) · ~σ . (A.12)
By utilizing Pauli spin matrix algebra, Eqs. (A.4), (A.11)
and (A.12) lead to that for the TR odd spin dependent
9part ~G0 we have with ~∆j = mˆj∆j
−~G0ii =
∑
j
[
G00ij ~∆j G
00
ji −G01ji ~∆j G01ji+
+ ~G1ij
(
~∆j · ~G1ji
)
− ~G0ij
(
~∆j · ~G0ji
)
+
+ 2i
(
G00ij ~∆j × ~G1ji −G01ij ~∆j × ~G0ji
)
+
+ ~G0ij ×
(
~∆j × ~G0ji
)
− ~G1ij ×
(
~∆j × ~G1ji
)]
=
=
∑
j
[
G00ij ~∆j G
00
ji −G01ji ~∆j G01ji+
+ ~G0ij∆j · ~G0jimˆj − ~G1ij∆j · ~G1jimˆj+
+ 2i
(
G00ij ~∆j × ~G1ji −G01ij ~∆j × ~G0ji
)
+
+ ~G1ij
(
~∆j · ~G1ji
)
+
(
~G1ij · ~∆j
)
~G1ji+
− ~G0ij
(
~∆j · ~G0ji
)
−
(
~G0ij · ~∆j
)
~G0ji
]
.
(A.13)
It is the right hand side of Eq. (A.13) that should go into
Eq. (8) of the main text as δN1 has to be TR even while
∆i is TR odd. This expression reduces to a well-known
relations in the non-relativistic and collinear limit [16–
18], where both G01 and ~G1 vanish. With the moments
along zˆ we have that ~G0 = 12 (G↑ −G↓)zˆ and hence
−~G0ii = zˆ
∑
j
G↑ij∆jG↓ji . (A.14)
Complex basis
To analyse differences in the formalism that arise to
choice of basis (real or complex), we consider again the
expression of the GF, i.e.
G(r, r′;ω) =
∑
η
ση G
η(r, r′;ω) , (A.15)
with η ∈ {0, x, y, z} and σ0 = 1¯ (note that ν in Eq. (A.5)
now has been replaced by η). Then the decomposed GF
is given by
Gη(r, r′;ω) =
1
2
SpG(r, r′;ω)ση =
1
2
∑
n
tr
ση〈r|n〉〈n|r′〉
ω − εn ,
(A.16)
where Sp is the trace over the spin degree of freedom and
tr is the trace over the orbitals. Next, we expand the GF,
in a basis set |ν〉,
G(r, r′;ω) = 〈r|n〉 (ω − εn)−1 〈n|r′〉 =
= 〈r|ν〉〈ν|n〉 (ω − εn)−1 〈n|ν′〉〈ν′|r′〉
≡ 〈r|ν〉Gνν′;σσ′ 〈ν′|r′〉 . (A.17)
The spin decomposed GF then becomes
Gη(r, r′;ω) =
1
2
SpG(r, r′;ω)ση =
=
1
2
〈r|ν〉 〈ν′|r′〉SpGνν′;σσ′ ση =
≡ 〈r|ν〉 〈ν′|r′〉Gηνν′ (A.18)
while, in the same way,
Gη(r′, r;ω) = 〈r′|ν′〉Gην′ν 〈ν|r〉 . (A.19)
It is possible to decompose the GF of Eq. (A.19), de-
pending how it behaves under interchange of r → r′.
First we decompose the spin decomposed GF in a sym-
metric Gη0 and anti-symmetric part Gη1 with respect
to the inter-exchange of r and r′, i.e. Gη(r, r′;ω) =
Gη0(r, r′;ω) +Gη1(r, r′;ω) . We get with τ ∈ {0, 1}
Gητ (r, r′;ω) ≡ 1
2
{Gη(r, r′;ω) + (−1)τ Gη(r′, r;ω)} =
=
1
2
{〈r|ν〉Gηνν′ 〈ν′|r′〉+ (−1)τ 〈r′|ν′〉Gην′ν 〈ν|r〉} .
(A.20)
If 〈r|ν〉 = 〈ν|r〉, i.e. the basis φν(r) = 〈r|ν〉 is real, this
can be written as
Gητ (r, r′;ω) =
1
2
〈r|ν〉 {Gηνν′ + (−1)τ Gην′ν} 〈ν′|r′〉 =
=
1
2
〈r|ν〉{Gη + (−1)τGη t}
νν′ 〈ν′|r′〉.
(A.21)
With a complex basis 〈r|ν〉 = 〈ν|r〉∗ (e.g. a basis based
on spherical harmonics, |ν〉 = |i`m〉), the analysis be-
comes a little more complicated. In this case, Eq. (A.20)
takes the form
Gητ (r, r′;ω) =
1
2
{〈r|ν〉Gηνν′ 〈ν′|r′〉
+(−1)τ 〈r′|ν′〉Gην′ν 〈ν|r〉} =
=
1
2
{〈r|ν〉Gηνν′ 〈ν′|r′〉
+(−1)τ 〈ν′|r′〉∗Gην′ν 〈r|ν〉∗} =
= 〈r|ν〉Gητνν′ 〈ν′|r′〉 . (A.22)
The last step is possible if we can get a relation between
〈r|ν〉∗ and 〈r|ν〉 and if they both are in the basis, so that
Gητνν′ =
1
2
{Gηνν′ + (−1)τUν′ν′′Gην′′ν′′′U∗ν′′′ν} . (A.23)
In this expression, U is the basis transformation that
bring 〈ν| to 〈ν′| ≡ 〈ν|∗ = Uν′ν〈ν|. For spherical harmon-
ics 〈r|ν〉∗ = 〈r|i`m〉∗ = Y ∗`m(r −Ri) = (−1)m Y`−m(r −
Ri) = (−1)m〈i`−m|r〉 or U`m′;`m = (−1)mδm′,−m.
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So for a GF defined in a spherical harmonics basis we
have that
Gητνν′ =
1
2
{Gηνν′ + (−1)τUν′ν′′Gην′′ν′′′U∗ν′′′ν} =
=
1
2
{
Gηi`m;j`′m′ + (−1)τ+m+m
′
Gηj`′−m′;i`−m
}
=
=
1
2
[
{Gηij}`m;`′m′ + (−1)τ+m+m
′ {Gηji}`′−m′;`−m
]
.
(A.24)
APPENDIX B: CONFIGURATION
DEPENDENCE
The spin-configuration dependence (i.e. the θ-
dependence) of the Heisenberg interactions are shown in
Fig. B1, for the effective strength of the interactions be-
tween atom 1 and equivalent atoms 2, as well as between
atom 2 and equivalents atoms 3 (as defined in the main
text). The figure has interactions decomposed in the four
terms described in Eq. (11) of the main text. It is clear
from the figure that the charge-current (CC) term is es-
sentially zero for all values of θ. This is directly con-
nected to the fact that the spontaneous CC is only due
to SOC in the co-planar variation. This term is how-
ever expected to be important in a general, non-collinear
structure. The charge-density (CD) term shows a rather
weak θ-dependence. In contrast, the spin-density (SD)
and spin-current (SC) contributions are seen to depend
strongly on the magnetic structure. This reflects that the
magnetic configuration has large influence on the spin
currents. Comparing the SD and SC terms, we note that
the former is fairly weak when the magnetic moments are
far from a ferromagnetic configuration, but dominates in
the ferromagnetic case. Lastly, we note from the fig-
ure that the spin current mediated terms are zero in the
collinear limit, but they can be quite significant away
from it.
Anisotropic interaction from the symmetric part of
the exchange tensor
In addition to the DM and Heisenberg types of in-
teractions we also have the anisotropic but symmetric
interaction, which is of tensorial form
δEA = −2
∑
ij
δ ~mi · Aij · mˆj
Aαβij =
2
pi
=
∫
tr
(
∆i ~G
1
ij · αˆ∆j ~G1ji · βˆ−
∆i ~G
0
ij · αˆ∆j ~G0ji · βˆ
)
dε . (B.1)
We do not here discuss this contribution further.
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FIG. B1. Calculated values of the effective Heisenberg ex-
change of Mn3Sn, between atoms of type 1 and 2 as well as
atoms of type 2 and 3, as described in the main text. The
results are shown as function of θ, decomposed in the four
terms of Eq. (11) of the main text.
Total energy differences
If all variations are linear in angles, we can readily
integrate out a total energy difference
{E(α)− E(0)} =
4
∫ α
0
{J12(θ) sin θ + J23(θ) sin 2θ} dθ+
4
∫ α
0
{Dz12(θ) cos θ −Dz23(θ) cos 2θ} dθ+
4
∫ α
0
{
Ayy12(θ) sin θ +
1
2
[Axx23 (θ) +A
yy
23(θ)] sin 2θ
}
dθ .
(B.2)
Note that there are eight independent effective inter-
actions dependent on the angle θ, and that they are
summed up over all equivalent magnetic pairs of the full
crystal. In Fig. 3 of the main part of this communica-
tion, it is clear how the DM interaction depends on the
angle and as it is mainly the spin current part of the in-
teraction, it follows the dependence of the strength of the
intersite spin current in this co-planar magnetic system.
Anisotropy
The fact that magnetic space group is connected to the
two dimensional irreducible representation, E1g, implies
that there exists a two-fold degeneracy in the absence
of spin-orbit coupling. In this case a uniform 90◦ spin
rotation around the z axis gives a magnetic state that
is degenerate with the one in Eq. (2) of the main text.
Any linear superposition of these two magnetic states are
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degenerate, but the SOC lifts this degeneracy, leading
to a tiny anisotropy, calculated here with ELK package
(elk.sourceforge.net) to be of the order 3 µeV.
Non-collinear counterpart to the spin-orbit coupling
related effects.
As discussed in the main paper, we suggest that several
effects normally thought of as being caused by spin-orbit
coupling can be complimentary to, or even dominated
by, non-relativistic effects, e.g. due to a non-collinear ar-
rangement of the spin texture. As discussed in the main
part of the paper, this can lead to significant charge-
and spin-currents, that are induced by the non-collinear
spin-texture. This implies that in the field of spintron-
ics and ultra-fast demagnetisation, spin-relaxation effects
explained by Elliott-Yafet [38, 39] or Dyakonov-Perel [40]
mechanisms can have a significant contribution from non-
relativistic effects. Other related phenomena typically
associated with spin-orbit coupling, that can be domi-
nated by non-collinearity, is the magnetic anisotropy, the
Gilbert damping parameter, the spin hall effect (SHE) as
well as Rashba-like effects.
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